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ifolds. In particular, we show Sasaki manifolds with positive Ricci cur- 
vature is transversely irreducible, and so there is no join (product) con- 
struction for irregular Sasaki-Einstein manifolds, as opposed to the quasi- 
regular case done by Wang-Ziller and Boyer-Galicki. As an application, we 
classify compact Sasaki manifolds with non-negative transverse bisectional 
curvature, which can be viewed as the generalized Frankel conjecture (N. 
Mok's theorem) in Sasaki geometry. 

1 Introduction 

The de Rham decomposition theorem asserts that a simply connected com- 
plete Riemannian manifold with reducible holonomy group must split as the 
product of two Riemannian manifolds; hence the building blocks of Rieman- 
nian manifolds are irreducible ones. In Kahler geometry, this decomposition 
theorem is compatible with the Kahler structure, so the building blocks are 
then irreducible Kahler manifolds. While the procedure of taking products of 
two Kahler manifolds is quite straightforward, it becomes much more interest- 
ing when one allows orbifold singularities and look at certain S 1 bundle as a 
Sasaki manifold. By [55], [5] this construction (called "join" construction in 
[5]) shows the diversity of quasi-regular Sasaki-Einstein manifolds. Motivated 
by the Ads/CFT correspondence in theoretical physics, the first example of an 
irregular Sasaki-Einstein manifold was constructed in |14| . However, we will 
show that join construction cannot be applied to irregular Sasaki-Einstein man- 
ifolds. This phenomenon follows from a general structure theorem for irregular 
Sasaki structures. Roughly speaking, we show (see Theorem @| that a compact 
irregular Sasaki manifold with certain curvature assumption is irreducible (for 
the definition of irreducibility in Sasaki setting, we refer to Section [2]). 

As an application, we can extend the classification results in |18j to the 
borderline case. In [TS] we proved that a compact simply connected Sasaki 
manifold with positive transverse bisectional curvature is a simple deformation 
of the standard Sasaki structure on S 2n+1 . Allowing the transverse bisectional 
curvature to be non-negative, we obtain 

Theorem 1. Let (M, £,,r],g) be a compact Sasaki manifold with non-negative 
transverse bisectional curvature of dimension In + 1, then one of the following 
is true, 
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1. M is irregular. Then iti(M) is finite and the universal cover of M is 
isomorphic to a weighted Sasaki sphere (S' 2 " +1 , £oj ^(b 5o) with nonnegative 
transverse bisectional curvature. 

2. M is quasi-regular. Then the universal cover of the quotient orbifold M j 
is isomorphic to 

{WPx^x) x ••• x (WP k ,cu k ) x (Ouhx) x ••• x {Ouh) x (C\ho) 

where ujj is a Kahler metric on the weighted projective space WPj with 
nonnegative bisectional curvature, 0\, ■ ■ ■ , Oi are compact irreducible Her- 
mitian symmetric spaces of rank > 2 endowed with the canonical metric 
and ho is the flat metric on C 4 . 

There are several technical ingredients in the proof the above theorem. When 
M is quasi-regular, this is actually an orbifold version of classification of compact 
Kahler manifolds with nonnegative bisectional curvature, known as the general- 
ized Frankel conjecture. The generalized Frankel conjecture can be reduced to 
the special case that the manifold is assumed to be simply connected and with 
second Betti number one, using the structure theorem of Howard-Smyth- Wu 
[19] for compact Kahler manifolds with nonnegative bisectional curvature; and 
it was proved by Bando [T] in complex dimension three, and later by Mok |22| in 
general. While if M is assumed to be quasi-regular, similar structure theorem 
as in |19j for Sasaki setting can also be proved with appropriate modifications. 

Recently Brendle-Schoen [10] proved the diffcomorphism sphere theorem 
when the sectional curvature of a Riemannian manifold (M,g) is 1/4 pinched; 
they also classified the weakly 1/4 pinched manifolds [11 . Their strategy to 
deal with the later case has been adapted recently by H-L. Gu [15 to provide 
an alternative proof of Mok's theorem. An appropriate modification of Gu's 
argument [15] together with our previous results in |18j implies the following 
special case of Theorem [1] 

Theorem 2. Let (M,£,T),g) be a compact simply connected Sasaki manifold 
with non-negative transverse bisectional curvature such that b® — &2 (Af) + 1 = 
1, then either M is a weighted Sasaki sphere with a simple metric, or M is 
regular, and the quotient manifold is isometrically biholomorphic to an compact 
irreducible Hermitian symmetric spaces of rank > 2 endowed with the canonical 
metric. 

The new ingredient for Theorem Q] is then reduced to the structure theo- 
rem for Sasaki manifolds discussed above; namely, an irregular Sasaki manifold 
satisfying the curvature assumption in Theorem [T] must be irreducible. Such a 
property seems to be topological in nature; in general we would like to ask that 

Question 3. Is every (simply- connected) compact irregular Sasaki manifold 
irreducible ? 

This article is organized as follows. In Section 2 we discuss some general 
theory in Sasaki setting and prove Theorem |4l In Section 3 we prove Theorem 
Hand Theorem [U 
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2 Splitting phenomenon in Sasaki geometry 



We first briefly recall notions in Sasaki geometry. We always denote a Sasaki 
structure on M by (£,77,5), with £ the Reeb vector field, 77 the contact one form 
and g the Sasaki metric. There is an orthogonal decomposition of the tangent 
bundle 

TM = L£ © V, 

where L£ is the trivial bundle generalized by £, and V = Ker(?y). The metric g 
and the contact form 77 determine a (1,1) tensor field $ on M by 

#,z) = ^(r,$z),y,zer(p). 

$ restricts to an almost complex structure on T>: 

$ 2 = -I + 77 © £. 

Since both <? and 77 are invariant under £, there is a well-defined Kahler structure 
on the local leaf space of the Reeb foliation. This is called a transverse Kahler 
structure g T and it is induced by (D, ui T , 3>|x>), where the transverse Kahler 
form is given by 

t 1. 

W = — an. 

2 ' 

Hence the Sasaki structure is related to the transverse structure as follows, 

g = 77 (g) 77 + g T . 

Denote v — v(T£) to be the quotient bundle of the Reeb foliation generated by 
£, namely, v{T£) — TM/ L^. The transverse Kahler metric g T induces a natural 
bundle isomorphism / : ^(J 7 ^) — > T> which splits the exact sequence 

TM -> v{F t ) 0. 

The tensor field $ naturally induces a splitting on 2?®C = I? 1 ' ©!? ' 1 ; similarly 
we have v ® C = 1/ ' © 1/ ' . The map / induces a bundle isomorphism v • — > 
V 1 ' . 

We also recall transverse Kahler structure in local coordinates; see [T3] Sec- 
tion 3 for a nice reference. Let (M, £, 77, g) be a Sasaki manifold. Let U a be an 
open covering of M, Tr a : U a — > V a C C" the submersion corresponding to the 
Reeb foliation such that 7r Q o7r^ 1 : np(U a r\Up) — > 7r a (f/ Q n[/^) is bi-holomorphic 
when £7 a n C/]g is non-empty. Let (z\, ■ ■ ■ ,z n ) be a holomorphic coordinate in 
V a , and (x, zi, • • • , z n ) the corresponding coordinate on U a such that 9 X = £. 
The transverse Kahler metric g T induces a Kahler metric g^ on V a ; on U a DUp, 

TTaOTTp 1 :nia(U a nUp)^-ir a (U a nUp) (2.1) 

gives an isometry of Kahler manifolds {V a ,g„) and (V3, gj). In particular, the 
collection {V a ,g^} does not give rise to a Kahler manifold, but it still satisfies 
the cocycle condition. 

Definition 2.1. A Sasaki manifold (M, £,77,(7) is locally transverse reducible 
at a point p 6 M, if there exists a neighborhood U a of p and the submersion 
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TT a :U a ^V a , such that the transverse Kahler metric {V a ,g^} is reducible. We 
say (M, £, 77, g) is locally transverse reducible if it is locally transverse reducible 
at any point; and it is locally transverse irreducible if it is not locally transversely 
reducible. 

From now on, we will simply abbreviate "locally transverse reducible (irre- 
ducible)" by "locally reducible (irreducible)" for a Sasaki manifold (M, £,77, g). 

Denote T> = Ker(?y) to be the contact subbundle. The transverse Levi-Civita 
connection is defined as, for Y G r(2?), 



where X p means the projection of X on T>. 

Definition 2.2. A vector field Y G V is transversely parallel if = for 

any X . A subbundle T>\ of V is invariant if for any 7 G Di, V^Y G T>\. The 
contact subbundle T> is said to be reducible (with respect to g T ) if there are 
invariant subbunldcs T>i,T>2 with an orthogonal decomposition T> = T>\ © 2?2- 
We call g T (irreducible) reducible if V is (not) reducible with respect to g T , and 
correspondingly we call (M, £,77, g) transverse (irreducible) reducible. Again we 
will omit the word "transverse" from now on. 

Note that for any invariant subbundle T>\ of V, we can also define its re- 
ducibility in the above sense. Suppose V is reducible, namely T> = T>\ © • • • 
We say the splitting of V is maximal if T>i is irreducible for each 1 < i < k. 

Clearly reducibility implies locally reducibility, but the converse is in general 
not true. This is related with the relation between local and global holonomy. 
We shall return to this in Section 3. 

Suppose (M, £, 77, g) is a compact Sasaki manifold which is transverse re- 
ducible and suppose there is a maximum splitting T> = T>\ © • • • © T> r with r > 2 
such that oj t = ui± © • • • © u> r . The main result in this section is the following 

Theorem 4. If each component uji either has positive Ricci curvature ( restricted 
on T>i) or is flat, then (M,^,r],g) is quasi-regular. 

First we have, 

Lemma 2.1. For each i, the sub-bundle T>i © (£) gives rise to a foliation of M 
whose leaves are all totally geodesic. 

Proof. One can check this by a straightforward calculation, using the fact that 



Given this, we obtain 

Lemma 2.2. If for some i 7^ j the transverse metric uii and uij have positive 
transverse Ricci curvature, then M is quasi-regular. 

Proof. Assume T>i and "D2 have positive transverse Ricci curvature. By a D- 
homothetic transformation as in [6 (proof of Theorem A), we can assume that 
I?i and T>2 have positive Ricci curvature. By the previous lemma any leaf of the 
foliation generated by T>\ © (£) is totally geodesic, and so the induced metric is 




{ 



(V x Y)p, iixev, 
K,y]p if x = e, 



= X for X G V, and V^Y = V X Y - {JX, Y)£. 



□ 
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complete with positive Ricci curvature. By Meyer's theorem all the leaves must 
be compact. Similarly this also holds for leaves of the foliation generated by 
© (£)• A Reeb orbit is a transversal intersection of these two types of leaves, 
thus is a compact one dimensional submanifold. This proves the lemma. □ 

Lemma 12.21 shows that in general no splitting can occur for irregular mani- 
folds with positive transverse Ricci curvature. In particular, there is no join con- 
struction for irregular Sasaki-Einstein metrics, i.e. an irregular Sasaki-Einstein 
manifold is locally irreducible. 

Before we prove Theorem [U we need to recall some facts on transversely 
flat Sasaki manifolds. Let N be a (possibly noncompact) Sasaki manifold with 
vanishing transverse curvature of dimension 2k + 1. By Tanno |27) we know the 
universal covering N is, up to 2?-homothetic transformation, isomorphic to the 
Euclidean space E 2k+1 with the standard Sasaki structure. In the coordinate 
(ar, • • • , x k , y 1 , ■ ■ ■ ,y k ,z) we have 

V = dz-J2y l dx\ 

i=l 

and 

k 

g = ^2(dx l ® dx 1 + dy l ® dy l ) + r)<8>r]. 
i=i 

Denote by G the automorphism group of E 2k+1 and g the Lie algebra of G. 
Write an element of g as 




then one can directly work out the condition for X to preserve g and ^(c.f. |23j). 
Any X in g is generated by a function / on C fe = M. 2k by 

i=l J i=l y 

where / has the form 

k k 

f(x,y,z) = c + J2( a * xl + bt y t )+ fiA xixj +y i y i ) + h ij {x i y j -x j y l ) 

i=l «J = 1 

with fij = fji and hij — hj%. Descending to the quotient C fc , constant function 
gives rise to zero, linear terms give rise to translations, and the above quadratic 
terms give rise to unitary transformations of C fc . Let J-^ be the Reeb foliation 
on N. Since the Sasaki manifold N is a quotient of E 2n+1 , the quotient N/J 7 ^ 
is a quotient of C™, and hence is Hausdorff. We have 

Lemma 2.3. If is compact, then N is also compact, i.e. all Reeb orbits 

are closed. 
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Proof. If N/F^ is compact, then it is a complex torus C fc /r, where Y is a 
lattice. Denote the generator of r by U l = (A u B t ) e C fc = R k © R fc for 
i = 1, • ■ • , 2k. It is easy to see that the lifted action of Ui on E 2k+1 is given by 
Ui.(X,Y,z) = {X + Ai,Y + Bi,z-BiX T ), where X,Y e R fc , and zel. Let f 
be the subgroup of G generated by U's. Denote by il the standard symplectic 
form on R 2fc : 

QUXuYt), (X 2 , Y 2 )) = X X Y? - X 2 Y X T . 

Since U x , • • • , U 2 k is a real basis of R 2k , there is some f7<, say U 2 such that 
f2(t/i, U 2 ) 7^ 0. It is easy to check 

U 2 .U 1 .(X,Y,z) = (X + A 1 +A 2 ,Y + B 1 + B 2 ,z- {B x + B 2 )X T -A X B%, 

therefore we see the element (X, Y, z) H> (X, Y,z~ fi(£/i, U 2 )) is in Y. Then it 
is clear that N is compact. □ 

This lemma implies that there is no non-compact Sasaki manifold whose 
transverse geometry is a compact flat torus. If such manifold existed, it would 
give rise to examples which contradicts Theorem SI For if N were such a mani- 
fold, one could take an irregular weighted Sasaki sphere with positive transverse 
bisectional curvature, say S, and take the product M — N Xr S. The R ac- 
tion on both N and S would be a proper action hence would induce a proper 
action on N x S. The quotient space M would be Hausdorff, irregular, with 
non-negative transverse bisectional curvature, and reducible. 

Now we are ready to prove Theorem [H It follows essentially the same con- 
sideration in the proof of de Rham decomposition theorem, see [20] . 

Proof. By Lemma [2.21 we only need to consider the case that there is exactly 
one factor, say T>\, with positive transverse Ricci curvature, and all others are 
transversely flat. Denote by V the direct sum of all flat factors. As in the 
proof of Lemma 12.21 all leaves of T>\ © (£) are compact, and the leaves of the 
foliation V © (£) are transversely flat. Choose one leaf of V\ © (£) , called S, with 
the induced Sasaki structure. Let 7r : S — > S be the universal covering map. 
S is compact again by Meyer's theorem. Any leaf of V © (£) is transversely 
flat, so by the above discussion is covered by E 2k+1 . Now we define a map 
P : S x E 2k+1 -> M as follows. Fix a point xq in S, we have a splitting 
T> = T)\ © V at n(x Q ). Now we choose an identification of (V © (^)\ 7T ( Xo ),0) 
with (£ 2fc+1 ,0) which preserves the Sasaki structure. This identification would 
propagate over the whole S by simply-connectivity and the rigidity of E 2k+1 . 
Then for any (s, e) 6 S x E 2k+1 we can define P(s, e) to be the exponential 
map at ir(s) along the direction of e. It is straightforward to check that P is 
well-defined, both open and closed, and invariant under the natural action of 
R. Thus it descends to a local isometry (indeed a local isomorphism of Sasaki 
structure) P from S Xr E 2k+1 to M, which preserves the Sasaki structure. 
Thus P is a universal covering map, and M is a quotient of S Xr E 2k+1 by a 
discrete subgroup of isometries. By compactness, the only discrete subgroup of 
isomorphisms of the Sasaki structure on S must be a finite group. 

We claim that any isomorphism of S Xr E 2k+1 lifts to an isomorphism of 
S x E 2k+1 , which is simply the product of an element in Aut(S) and an element 
in Aut(E 2k+1 ). To see this, we notice that S XRE 2k+1 is simply a S bundle over 
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C . Any isomorphism <j> must preserve the distribution of positive curvature, so 
must map a fiber to a fiber, and descends to an isomorphism cf>' of C k . On the 
other hand, any isomorphism cf>' of C fe lifts to an isomorphism <f>" of E 2k+1 by 
the previous discussion, and so can be viewed as an isomorphism of S x E 2k+1 . 
After composing with (</>") _1 we may assume <f> maps every fiber to itself. On 
each fiber 4> induces an isomorphism of S. On the other hand, any isomorphism 
of S is automatically an isomorphism of S Xr E 2k+1 . So after composing with 
such an isomorphism we may assume <f> in addition is identity on one fiber S. 
On this fiber we choose an arbitrary point p, then 4>(p) = p and d<j) is identity 
on the tangent space at p. It follows that <f> is identity and hence we complete 
the proof of the claim. 

Now M is a quotient of S x E 2k+1 by a commutative action of a discrete 
subgroup G of isomorphisms and HL The induced action of G on E 2k+1 would 
then have a compact quotient. By the proof of Lemma 12.31 G must contain 
the element in Aut(E 2k+1 ) which is z h- > z + c for some c / 0. Now since 
M is Hausdorff, the quotient of S by the e cl ^ (for some nonzero I € Z) is 
also Hausdorff, which is equivalent to S being quasi-regular. Thus M is quasi- 
regular. This proves Theorem 01 □ 

Now we assume (M, £, 77, g) has nonnegative transverse bisectional curvature. 
First we have the following, whose proof is identical to that in [19| and so we 
omit: 

Lemma 2.4. Let (M,£,r), g) be a compact Sasaki manifold with non-negative 
transverse bisectional curvature, then any real basic harmonic (1,1) form on M 
is transversely parallel, i.e. if A^a = 0, then V T a = 0. 

Now for any real basic harmonic (1,1) form a not proportional to tu T , the 
Hermitian linear transform determined by a with respect to uj t will split the 
transverse geometry into a direct sum of orthogonal components, each of which 
is parallel in the transverse geometry. It then follows that, 

Lemma 2.5. Let (M, £,77, g) be a compact Sasaki manifold with nonnegative 
transverse bisectional curvature. Then b 1 ^ 1 > 1 if and only if (M,^,n,g) is 
transverse reducible. 

Proof. By the discussion above, if b^ 1 > 1, then (M,£,r),g) is transverse re- 
ducible. On the other hand, suppose (M, £, 77, g) is transverse reducible, namely 
D = T>i D2, and T>i is invariant with respect to g T . Let u>i = uj t \x> % , then 
uj t = u)\ oj2- It is easy to see that [u^b 7^ 0; moreover \uji\b and \uJ2\B are 
linearly independent in H^ 1 (M,T^). Hence b 1 ^ 1 > 2. □ 

Now suppose (M, £, 77, g) be a compact Sasaki manifold with nonnegative 
transverse bisectional curvature with b 1 ^ 1 > 1. Then there exists a maximal 
splitting of T> = T>\ © • • • © 2\. such that T>i is invariant with respect to g T . 
Let cjj = uj T \x> i , then w T = ©<w<. Note that the transverse Ricci form p T has a 
natural splitting such that p T = ®Pi- For each i, pi it is a well-defined closed 
basic (1, 1) form, hence [pi\B is well-defined. Clearly cf = [p t ]b = ®i[Pi\B- 
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Lemma 2.6. Let (M, £,77, g) be a compact Sasaki manifold with nonnegative 
transverse bisectional curvature with b 1 ^ 1 > 1. Then there are nonnegative con- 
stants Ci, 1 < i < k such that 

i 

Proof. We only need to prove [pi\B = c,[o;i]s for each i. Note that pi _L ujj for 
j 7^ i, it then follows the harmonic part Hpi _L ojj by transverse Hodge the- 
ory. If Hpi is not proportional to w,-, then the Hermitian linear transformation 
determined by Hpi and u>i on Di will split T>i into a direct sum of orthogonal 
components, contradiction since T>i is irreducible. The non-negativity of Ci fol- 
lows directly from the non-negativity of the transverse bisectional curvature. □ 

The following lemma follows from the transverse Calabi-Yau theorem. For 
convenience we include a sketch of proof. 

Lemma 2.7. There exists a Sasaki structure (£,?), g) on M, which is a trans- 
verse Kahler deformation of(£,T),g), such that 

r 

Ric T = CiUi . 

i=l 

Moreover, the contact subbundle T> — Ker(fj) admits a maximal splitting T> = 
T>i®--'@"D r such that 

span{£,T>i} = span{^,Vi} 

for any 1 < i < r. 

Proof. The first part simply follows from the transverse Calabi-Yau theorem 
in [TJ]. It asserts that for any real basic (1,1) form 8 in cf, there exists a 
unique Sasaki structure (£, fj, g) with the same transverse complex structure of 
(£,T),g), such that its Ricci form p given by 0. Hence we can take 9 = X] c i w i- 
Moreover since the Ricci form p splits, then the transverse metric g T splits 
correspondingly. To see this fix an i between 1 and r, denote by fi the normalized 
potential such that 

Pi - CiUJi = yf-Lddfi, 1 < i < r. 

By [E], we can solve the equation for 

r\ A (dr\ + V=ldd<f>i) n — n A {d V ) n exp(/ 4 ). 

Now by the maximum principle, we know that for any 

Fespan{£, £>!,••• ,£>;,••■ ,V r }, 

then Y<pi = 0. Hence we know that for each i, there exists fa such that fj = 
r] + d c (f>, where = fa; and dfj = (Bi(uJi + y/—lddfa). In particular, g T splits 
correspondingly, and the second part of the proposition follows. 

□ 
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We need to recall the following notion. 

Definition 2.3. A Riemannian metric (M,g) is locally symmetric if the cur- 
vature satisfies Vi?m = 0. A Sasaki structure (M, £, 77, g) is called transversely 
symmetric if any induced transverse Kahler metric {g^ , V a } is locally symmetric 
(locally Hermitian symmetric). 

By [26] , in terms of our terminology, we have 

Theorem 5 (Takahashi). A compact simply connected transverse symmetric 
Sasaki manifold is homogeneous. Hence it is a principal S 1 bundle over a Her- 
mitian symmetric space. 

3 Proof of Theorem [I] 

We shall first prove the special case Theorem [2j And Theorem [1] follows easily 
from Theorem [4] and this special case. 

First we assume (M, £, rj, g) is a compact simply-connected Sasaki manifold 
with nonnegative transverse bisectional curvature and b% = 1. So there is a 
A > such that 

cf = A[a/V 

When X = 0, then 

p T + V^lddf = 

for some basic function /. Since Ric T > 0, / must be a constant, hence p T = 0. 
It follows further that (M, £, r\, g) is transverse flat. The only simply-connected 
transverse flat Sasaki manifold is ]R 2fc+1 with its standard Sasaki metric(c.f. 
[27]); which contradicts the compactness assumption. Hence by a scaling we 
can assume A = In + 2 and we consider the unnormalized Sasaki-Ricci flow 

(3-D 

with initial metric g. The equation (|3.ip has short time existence by [25]. By 
maximum principle as in |22j g(t) has nonnegative transverse bisectional cur- 
vature for t > 0. Since cf > implies the transverse Ricci curvature of g 
is positive at least at one point, it then follows that g(t) has positive trans- 
verse Ricci curvature and positive transverse holomorphic sectional curvature 
for t £ (0, S], where 5 > is a small number. 

Now we suppose the transverse Kahler metric g T of (M, £, 77, g) is not locally 
transverse symmetric. By continuity and by making 8 smaller we can assume 
g T (t) is not locally transverse symmetric for t 6 (0,5). In the following we want 
to prove 

Proposition 3.1. Under the above assumptions, if g(t) is not locally transverse 
symmetric, then g{t) has positive transverse bisectional curvature for t £ (0,8). 

Note that along the Sasaki-Ricci flow, the contact 1-form 77, hence the contact 
subbundle T> varies along the flow, while the quotient bundle v = v{T^) remains 
unchanged. These two bundles are identified by /, as in Section 2. Now we use 
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a technique as in Hamilton [TB]. We fix an Hermitian metric h on v 1 ' . Consider 
the bundle isomorphisms ft : v 10 — > X> 1,0 such that 

h = ng T (t). 

Given a local trivialization of v and T>, the isomorphism f t satisfies the evolution 
equation 

21k - - a f3 B T -f k 

dt ~ 2 9t * Ia ' 

By pulling back the transverse connection Vf of g T (t) through f t (t G (0,5)), 
we can then define the covariant derivatives D t for sections of v and any tensor 
bundle generated by v. We can also pull back the curvature tensor Rj-- k i to a 
tensor on v (g> C by 

R v - - — U T - -P f 7 f k f l 

Note that in local coordinates, the transverse Kahler metric {ga,V a } satisfies 
the Kahler-Ricci flow 

M = -Rial (3.2) 

It then follows from the standard calculation that the curvature tensor R u B ? 

a/370 

satisfies, on the orthonormal frame {e a } of u 1,0 , 

C.M 

where A t is the Laplacian induced by the connection D t on sections of ((iA )*)® 4 . 

As in [TS] Section 2, one obtains that for any point p € M and unit vectors 
e a ,ep £ it holds 

where for any £, /j, € Vp'° for p e M, there is a universal positive constant c such 
that 



v4>c- inf — \ s= oR"(e a + sX, e a + sX, ep + sY, ep + sY). 
\x\— \y\— 1 ds 

Now we use the language as [TT]. Define P to be the orthonormal frame 
bundle of v 1 ' with structure group U(n), which acts on P on the right. For 
each t, the connection D t on sections of v induces a connection on P. For each 
point e = (p, {ei, e2, • • • , e„}) £ P, let H e be the horizontal distribution and 
Ve be the vertical subspace of T^P; hence T^P = He ffi V e - Next we define a 
collection of smooth horizontal vector fields X\, • • • , X„, Y\, • • • , Y n and £ on 
P. Note that {/(ei), • • • , / (e„)} span I? 1 ' . Denote 

= + /(Si)), and = $X 4 = Z2^(/(e. _ g i )) j j = 1, . . . , n . 

It then follows that TM is spanned by {£,Xl, • ■ ■ t X n ,Yy, ■ ■ ■ ,Y n }. We then 
define £ to be the horizontal lift of £, and X,, to be the horizontal lift of X,-, 
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Yi respectively. 

We define a nonncgative function u : P x (0, 6) — > R by 

u:(e = {ei, • • • ,e n },t) -> Pg (t) (ei, e x , e 2 , e 2 ). 
By ((33)) and fl33J) , we then get 

— >Lu- cmm{0, ^ inf ^ D 2 u(e, t)(C, £)}, (3.5) 

where 

denotes the horizontal Laplacian on P and we have used the fact that all metrics 
g(t) are ^-invariant. 

Denote F = {(e, t) : u(e,t) = 0} C P x (0, $). Invoking Proposition 5 in [IT] , 
we have 

Proposition 3.2. For any fixed t E (0,6), if 7 : [0, 1] — > P is a smooth hori- 
zontal curve satisfying (7(0), t) G F, then (7(1), t) € F. 

Suppose for some t € (0,(5) that g(i) does not have positive transverse bi- 
sectional curvature. We can then assume that for some (e, t) € P x (0,5), 
R u (ei,ei,e 2 ,e 2 ) = 0. 

Next we need the following holonomy theorem, 

Proposition 3.3. For any fixed t £ (0,(5), we have 

Hol(P) = Hol(u,D t ) = HoKp u Vf) = Hol{gl^V a ) = U(n), 

where Hol(g^ t ,V a ) denotes the holonomy of transverse Kahler metric g^ t in 
any (simply connected) local coordinate V a . 

Proof. First observe that g(t) and g T (t) are analytic in normal coordinate for 
t £ (0,(5). Bando [5] proved the analyticity of the metric g(t) along the Ricci 
flow. His proof can be modified directly to Sasaki setting. It then follows that 
V T is analytic. Now let U a C M be an open set which is diffeomorphic to 
jj2n+i an j ^ : U a — > V a be the submersion correspond to Reeb foliation, as 
introduced in Section 2. We can restrict our consideration on U a to talk about 
local holonomy, then by definition we have 

Ho\(P Ua ) = Ho\(uu a ,D t ) = Ho\(V Uoi ,V T ). 

Since V T is induced by g T and WjT> — 0, we have 

Ho\(D Ua ,V T ) = Ho\(gZ,V a ). 

By the analyticity of the connection V T , it then follows that the local honolomy 
coincides with the global holonomy ([2Q], Chapter II, Section 10). In particular, 

Hol(P, V T ) = Ho\(V Ua , V T ) = Ho\(gl, V a ). (3.6) 

□ 
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Lemma l2~5l then implies T> is transverse irreducible. It then follows p. 61) that 
is irreducible. Note that we also assume that g T is not locally symmetric, 
hence g^ is not locally symmetric. Now by Berger's theorem, we know that 
Hol(<?^, V a ) — U(n), SU(n), or Sp(n/2). Clearly the later two cases imply that 
g T is transverse Ricci flat and can not occur. 

By Proposition ^. 21 and 13.31 we know that {e, t} £ F if e = eA for A £ U(n). 

Let 

/ _ „ n / \ ( cos 9 — sin 0\ 

(ei e 2 ) = (6162)- .. a 
v ' y ' ysmt/ cost^ J 

Then we get R u (ei, e\, &2, I2) = 0. However, by (|3.3p and the first variation 
of R v a& pp at I'p' (see [IS]), if -R^^ = 0, we have 

(^11^^22 - I^W*) = 
< ^ 5K - = 0, V M ,C- ( 3 - 7 ) 

, #1120 = R 22XJi = ' V / i ' 

On the other hand, a direct computation (using (|3. 71) ) implies 
i?"(ei,ei,e2, e 2 ) = cos 2 #sin 2 0(#iiii + -^2222)- 

This contradicts with the positivity of transverse holomorphic sectional curva- 
ture of g(t) for any t £ (0, 6). It completes the proof of Proposition 13. II 

Theorem [2] is now a direct consequence. If (M,g) is not locally transverse 
symmetric, by Proposition 13.11 and our previous results [TB], (M,g) is then a 
simple metric on a weighted Sasaki-sphere. If (M, g) is locally transverse sym- 
metric, by Takahashi's result (Theorem [5]), then M is homogenous and hence it 
is a S 1 bundle over an Hcrmitian symmetric space. 

Now we finish the proof of Theorem [TJ Suppose (M, £, r/, g) is a compact 
Sasaki manifold with nonnegative transverse bisectional curvature, with a max- 
imum splitting T> = T>x © • • • © T> r such that oj t = uj% © • • • © w r . If r = 1, then 
by Lemma fe.SI &n 1 = 1. Hence cf = X[u] for A = or A > 0. When A = 0, by 
nonnegative curvature assumption it follows that the transverse bisectional cur- 
vature has to be flat. The universal cover of M is then isometric to E 2n+1 with 
standard Sasaki structure [27]. When A > 0, then M is compact and iri(M) 
is finite. Passing to universal covering it is reduced to Theorem [5] So we only 
need to deal with the case r > 2. By Lemma \2. 61 we may assume that 

r 

cf = };Cj[0Ji]B- 
i=l 

By Lemma |2~71 after a transverse Kahler deformation we obtain a Sasaki struc- 
ture (£, fj, g) which satisfies the assumption of Theorem 2] It follows that 
(M, £, 77, g) is quasi-regular; hence (M, £, 77, g) is also quasi-regular. 

We assume the splitting of V given by T> = T>o © T>\ and T>q is the maximal 
subbundle such that g is transverse flat on T>q. The foliations generated by 
2?i © (£) are all isometric to a (quasi-regular) compact Sasaki manifold with 
cf positive and nonnegative transverse bisectional curvature (S,h); hence its 
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universal covering (S, h) is compact. Passing to the universal covering and 
following the proof in Theorem[4l then M is isometric to (E 2l+1 , go) Xri (S, h), 
a join construction. If (5, h) is reducible, then it follows that similarly (S, h) = 
(Si,gi) X51 (5*2,52), where (Si,gi) is a quasi-regular, compact simply-connected 
Sasaki manifold with nonnegative transverse bisectional curvature. We can then 
keep doing this until each piece Si such that (Si) = 1. By Theorem^ (Si,gi) 
is either a (quasi-regular) weighted Sasaki sphere, or a regular compact Sasaki 
manifold which corresponds to a compact Hermitian symmetric space with rank 
> 2. In particular, we have 

Theorem 6. Let (M,£,T},g) be a quasi-regular compact Sasaki manifold with 
non-negative transverse bisectional curvature. Then its universal cover M is 
isomorphic to a join of (Si,g\), ■ ■ ■ , (Sk,gk) with (E 2l+1 ,go) for some k,l>0, 
where (Si,gi) is a compact simply- connected quasi-regular Sasaki manifold with 
nonnegative transverse bisectional curvature and with b 2 B = 1, (E 2l+1 ,go) is the 
standard Sasaki metric on R 2i+1 . 

Theorem [6] is the Sasaki version of Theorem [1] (2) when M is assumed to 
be quasiregular. We should emphasize that there is no canonical choice of the 
quotient of S* 1 action in the above construction. This corresponds to the fact 
that there is no canonical join construction for quasiregular Sasaki manifolds. 
For more details about join construction, see [7], Section 7.6 for example. 
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